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Viscous Analysis of Pulsating Hydrodynamic Instability
and Thermal Coupling in Liquid-Propellant Combustion

Stephen B. Margolis¤

Sandia National Laboratories, Livermore, California 94551-0969

A pulsating form of hydrodynamic instability has recently been shown to arise during liquid-propellant de� a-
gration in those parameter regimes where the pressure-dependent burning rate is characterized by a negative
pressure sensitivity. This type of instability can coexist with the classical cellular, or Landau (Landau, L. D., “On
the Theory of Slow Combustion,” Acta Physicochimica URSS, Vol. 19, 1944, pp. 77–85; also Zhurnal Eksperi-
mental’noi i Teoreticheskoi Fiziki, Vol. 14, 1944, p. 240), form of hydrodynamic instability, with the occurrence of
either dependent on whether the pressure sensitivity is suf� ciently large or small in magnitude. For the inviscid
problem, it has been shown that, when the burning rate is realistically allowed to depend on temperature as well
as pressure, suf� ciently large values of the temperature sensitivity relative to the pressure sensitivity causes the
pulsating form of hydrodynamic instability to become dominant. In that regime, steady, planar burning becomes
intrinsically unstable to pulsating disturbances whose wave numbers are suf� ciently small. This analysis is now
extended to the fully viscous case, where it is shown that although viscosity is stabilizing for intermediate and
larger wave-number perturbations, the intrinsic pulsating instability for small wave numbers remains. Under
these conditions, liquid-propellant combustion is predicted to be characterized by large unsteady cells along the
liquid/gas interface.

Nomenclature
A = burning rate
Ap ; A2 = pressure-, temperature-sensitivitycoef� cients
bi = coef� cients in perturbation solution, where i

is equal to 1; 2; : : : ; 10
e = rate-of-strain tensor
Fr = Froude number
g = inverse Froude number (gravitationalacceleration)
k = perturbationwave number
Ons = unit normal
P, Pr = Prandtl number
p = pressure
q = quantity de� ned following Eq. (26)
r = quantity de� ned following Eq. (26)
t = time variable
u = perturbationvelocity vector
v = velocity vector
.x; y; z/ = moving coordinate system
° = surface-tensioncoef� cient
² = small bookkeepingparameter
³ = perturbationpressure
¸ = gas-to-liquid thermal diffusivity ratio
¹ = gas-to-liquidviscosity ratio
½ = gas-to-liquiddensity ratio
8s = location of gas/liquid interface
Ás = perturbation in location of gas/liquid interface
! = complex perturbation frequency

Subscripts and Superscripts

i = inner wave number regime or integer variable
f = far outer wave-number regime
l = liquid
g = gas
o = outer wave-number regime
¤ = scaled quantity
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Introduction

H YDRODYNAMIC (Landau1) instability in combustionis typ-
ically associatedwith theonsetofwrinklingof a � ame surface,

which corresponds to the formation of steady cellular structures as
the stability threshold is crossed. This type of instability was orig-
inally described by Landau1 and is attributed to thermal expansion
across a combustion front. Although gaseous combustion was de-
termined to be intrinsically unstable in Landau’s analysis, it was
demonstrated that additional effects, such as gravity and surface
tension, that enter when the unburned mixture is a liquid result in a
speci� c stability criterion.However, this analysis, along with a later
study by Levich2 that considered viscous effects in lieu of surface
tension,assumed that the the combustionfrontpropagatednormal to
itself with constant speed, whereas it is now recognizedthat there is
a dynamic interactionbetween the burning rate and local conditions
at the front.

For those problems in which pyrolysis, exothermic decomposi-
tion and/or combustion occurs in an intrusive region in the vicinity
of the liquid/gas interface, the dynamical coupling of the burning
rate with the underlyinghydrodynamicsof the � ow can be achieved
through an analysis of the thin combustion/interface region. An al-
ternative approach, however, is to simply postulate a phenomeno-
logical dependence of the local burning rate on pressure and tem-
perature and to obtain results in terms of suitably de� ned sensitiv-
ity parameters. Both types of methodologies have been applied to
the problem of solid-propellantcombustion, and each offers certain
advantages.3;4 In the present series of studies on liquid-propellant
combustion,5¡7 the latter approach has been adopted, thereby gen-
eralizing the Landau1/Levich2 model to allow for a coupling of the
burning rate with the local pressure and temperature � elds.

Summarizingsomeof theresultsobtainedfrom thepresentmodel,
it has been shown thatwhen only the pressuresensitivityof the burn-
ing rate is taken into account, an appropriatelygeneralizedstability
criterion for cellular1 instability is obtained.Exploiting the realistic
limit of small gas-to-liquiddensity ratios, it is found that the stable
region occurs for negative values of the pressure-sensitivityparam-
eter, with the original Landau model being intrinsically unstable in
this limit. In particular, the neutral stability boundary possesses a
local minimum when plotted against the disturbancewave number,
which suggests that as the pressure-sensitivityparameter decreases
in magnitude, the liquid/gas interface/front develops cells corre-
sponding to classical hydrodynamic instability.5 This minimum
re� ects the fact that surface tension and viscosity are stabilizing
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in� uences for short-wave disturbances, whereas gravity is a stabi-
lizing in� uence for long-wave perturbations. As a result, the ef-
fect of reducing the gravitational acceleration to microgravity lev-
els is to shift the neutral stability minimum to smaller wave num-
bers. Thus, in the microgravity regime, Landau instability becomes
a long-wave instability phenomenon, implying the appearance of
large cells along the combustion interface.

Aside from the classical cellular form of hydrodynamic instabil-
ity, this dynamic generalizationof the Landau1/Levich2 model also
predicts the appearance of a pulsating form of hydrodynamic in-
stability, corresponding to the onset of temporal oscillations in the
location of the liquid/gas interface. This form of hydrodynamic in-
stabilityoccursfornegativevaluesof thepressure-sensitivityparam-
eter that are suf� ciently large in magnitude.6 Consequently, stable,
planar burning is predicted to occur in a range of negative pressure
sensitivitiesthat lies below the cellular boundaryand above the pul-
sating boundary just described. A stable range of negative pressure
sensitivities is applicable, for example, to certain types of hydroxy-
lammoniumnitrate- (HAN-)based liquidpropellantsfor which non-
steady modes of combustion have been observed.8;9 (Though less
common, ranges of negative overall reaction orders/pressure sensi-
tivitieshavebeen reportedfor suf� ciently dilutedgaseoushydrocar-
bon fuels as well.10 ) The appearance of both pulsating and cellular
forms of hydrodynamic instability is analogous to the two corre-
sponding types of thermal/diffusive instabilities that occur for suf-
� ciently large and suf� ciently small Lewis numbers, respectively.11

When the effect of a temperature sensitivity in the burning rate
is included in the analysis, substantial modi� cations to the preced-
ing stability description can occur. Speci� cally, if the temperature-
sensitivity parameter is suf� ciently large relative to the parameter
corresponding to pressure sensitivity, the pulsating hydrodynamic
stability boundary can develop a turning point, that is, become
C shaped, in the (disturbance-wave-number, pressure-sensitivity)
plane. In that case, the stable region for small wave numbers dis-
appears, and liquid-propellantcombustion is predicted to be intrin-
sically unstable to the nonsteady form of hydrodynamic instability
for all suf� ciently large disturbancewavelengths.This has been de-
scribed in detail in the limit of zero viscosity,7 and the purposeof the
present work is to extend that analysis to the fully viscous model.
Viscous effects were shown to have a substantial in� uence in the
absence of thermal sensitivity, where it turned out that the stable
region became signi� cantly widened when viscosity was present,
and the same result will be demonstrated when thermal effects are
present.However, the same intrinsicpulsating instability that occurs
for suf� ciently large temperaturesensitivitiesand suf� ciently small
wave numbers in the inviscid case will be shown to be preserved
even when viscosity is included. These results lend further support
to the notion that a likely form of hydrodynamicinstabilityin liquid-
propellant combustion is of a nonsteady, long-wave nature, distinct
from the steady, cellular form originally predicted by Landau.1

The physicalnature of the pulsatingform of hydrodynamicinsta-
bilitydescribedhere, like the pulsatingform of thermal/diffusive(or
reactive/diffusive) instability, is manifested through an oscillatory
imbalancebetween reaction-frontperturbationsand thoseprocesses
that act to dampen such perturbations. In the case of a pulsating re-
active/diffusive instability,such as occurs in gaseous combustion,11

smallermass-to-thermaldiffusivityratios, that is, largerLewis num-
bers, allow a relatively greater concentration of reactant in the re-
action zone. This in turn triggers, for suf� ciently large Zel’dovich
numbers, a more intense reaction, which leads to an imbalance be-
tween temperature perturbations that accelerate the front and cause
the pro� les to steepen, and diffusion, which transfers heat to the
unburned mixture and thereby reduces the reaction intensity. In the
purely hydrodynamicproblem, a negativepressure sensitivityplays
a somewhat analogous role to that of diffusion because positive
pressure perturbations will either locally accelerate or decelerate
the front, depending on whether the pressure sensitivity is positive
or negative. Thus, positive pressure sensitivities lead to intrinsic
instability,5 whereas negative pressure sensitivities that are suf� -
ciently large in magnitude lead to an overcorrection in the local
burning rate in response to a hydrodynamic pressure disturbance.
In the latter case, an oscillatory imbalance between hydrodynamic

perturbationsand correspondingvariations in the local burning rate
is thus established. As indicated by the subsequent results, the in-
clusion of viscosity and a thermal sensitivity in the reaction rate,
where the latter results in a coupling of the thermal and hydrody-
namic � elds, accentuates this effect through the inclusion of ther-
mal/diffusive processes as already described.

Summary of the Mathematical Model
The mathematical model was described previously,5;12 but is

brie� y summarized here for completeness. Speci� cally, it is as-
sumed that the combustionfront coincides with the liquid/gas inter-
face, where pyrolysisand/or exothermicdecompositionoccurs.De-
noting the nondimensional location of this downward-propagating
interfaceby x3 D 8.x1; x2; t/, where x3 is theverticalcoordinateand
the adopted coordinatesystem is � xed with respect to the stationary
liquid at x3 D ¡1, we transform to the moving coordinate system
x D x1 , y D x2 , and z D x3 ¡ 8.x1; x2; t/ such that the liquid/gas
interface always lies at z D 0. Conservation of mass, energy, and
momentum within each phase then gives
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where 2 is temperature, Prl and Prg are the liquid- and gas-
phase Prandtl numbers, ¸ and c (to be used) are thermal diffusivity
and heat-capacity ratios, and Fr¡1 is the inverse Froude number
(gravitational acceleration). Other nondimensional parameters in-
troduced subsequently include the gas-to-liquid viscosity ratio ¹
(½¸Prg D ¹Prl ) and the unburned-to-burnedtemperature ratio ¾u .

Equations (1–3) are subject to a set of boundary and interface
conditions given by

v D 0; 2 D 0 at z D ¡1

2 D 1 at z D C1; 2jz D 0¡ D 2jz D 0C (4)
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wherev§ D vjz D 0§ , e§ D ejz D 0§ , and Eqs. (5–10) correspondto con-
tinuityof the transversevelocitycomponents(no-slip), conservation
of (normal) mass � ux, the mass burning rate (pyrolysis) law,
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conservation of � ux of the normal and transverse components
of momentum, and conservation of heat � ux. Here, S.8/ D
.1 C 82

x C 82
y/

¡1=2 , the unit normal Ons D .¡8x ; ¡8y; 1/S.8/, and
the expressions for the gradient operator, the Laplacian, and the
curvature in the moving coordinate system are given by r D
.@x ¡ 8x @z; @y ¡ 8y@z; @z/, r2 D @x x C @yy C .1 C 82

x C 82
y/@zz ¡

28x @x z ¡ 28y @yz ¡ .8x x C 8yy/@z , and ¡r ¢ Ons D 8x x .1 C 82
y / C

8yy .1 C 82
x / ¡ 28x 8y8x y , respectively.However, the vector v still

denotes the velocity with respect to the .x1; x2; x3/ coordinate sys-
tem. Finally, we note that the nondimensional mass burning rate
appearing in Eq. (7) is assumed to be functionally dependent on
both the local pressure and temperature at the liquid/gas interface.
By de� nition, A D 1 for the case of steady, planar burning, but per-
turbations in pressure and/or temperature result in corresponding
perturbations in the local mass burning rate.

Because the thermal and hydrodynamic � elds are coupled only
through the temperature dependenceof the mass burning rate A ap-
pearing in Eq. (7), the strictly hydrodynamic problem for p, v, and
8s can be analyzed separately when A is assumed to depend on
pressure only.5;6 In the present work, we focus on the fully coupled
problem to determine how the hydrodynamic stability boundaries
are modi� ed when the local burning rate dependson temperatureas
well as pressure.Our stability results will thus dependon two sensi-
tivity parameters, A p and A2, de� ned as Ap D @ A=@pj2 D 1;p D 0 and
A2 D @ A=@2j2 D 1;p D 0, where 2 D 1, and p D 0 are the interface
values of temperatureand pressure of the basic solution in Eq. (11).
Though an explicit expression for the reaction rate A is not needed
in the present analysis, we note that, because the nondimensional
activation energy is typically large, the temperature sensitivity A2

would likely be larger in magnitude than the pressure sensitivity
Ap , which will have some bearing on the relative scalings of these
parameters that will emerge in the following analysis.

Basic Solution and Its Linear Stability
The nontrivialbasic solutionof the precedingproblemthat corre-

sponds to the special case of a steady,planarde� agration is givenby
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The problem governing its linear stability may be formulated, be-
fore introducing any further approximations, in a standard fashion
by introducingthe perturbationquantitiesÁ.x; y; t/ D 8.x; y; z; t/
¡ 80.t/, u.x; y; z; t/ D v.x; y; z; t/ ¡ v0.z/, ³.x; y; z; t/ D
p.x; y; z; t/ ¡ p0.z/, and µ.x; y; z; t/ D 2 ¡ 20.z/ ¡ Ás d20=dz.
The problem obtained when Eqs. (1–10) are linearized about the
basic solution (11) is then given in terms of these perturbationvari-
ables by
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u D 0; µ D 0 at z D ¡1

µ D 0 at z D C1; µ jz D 0C ¡ µ jz D 0¡ D Ás (15)
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where Eqs. (16) and (17) have been used to simplify Eqs. (18–21).
Nontrivial harmonic solutions for Á, u, and ³ , propor-

tional to exp.i!t C ik1x C ik2 y/, that satisfy Eqs. (12–14) and
the boundary/boundedness conditions at z D §1 are given by
Á D exp.i!t C ik1x C ik2 y/ and
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»
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where k D .k2
1 C k2

2/1=2 is the overall disturbance wave number
and the quantities p, q , r , and s are de� ned as 2p D 1 C [1 C
4.i! C k2/]1=2 , 2Prl q D 1 C [1 C 4Prl .i! C Prl k2/]1=2, 2¹Prlr D
1 ¡ [1 C 4¹Prl .i!½ C ¹Prl k2/]1=2, and 2½¸s D 1 ¡ [1 C
4½2¸.i! C ¸k2/]1=2 . Substitutingthis solutioninto the interfacecon-
ditions (16–21) and using Eq. (12) for z 0 yield 11 conditions for
the 10 coef� cients b1 –b10 and the complex frequency (dispersion
relation) i!.k/. In particular, these conditions are given by
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ik1b3 C ik2b5 C qb7 D ik1b4 C ik2b6 C rb8 D 0 (27)
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Although the preceding problem is linear in the coef� cients b1 –

b10 , which can thus be eliminatedto givea singleequationfor i!, the
resulting dispersion relation is quite long and highly nonlinear. Ex-
plicit results may be obtained for certain special cases, including the
original problems consideredby Landau1 (Ap D A2 D Prl D ¹ D 0)
and Levich2 (A p D A2 D ¹ D ° D 0), as well as a particular case
(A2 D ¹ D Prl D 0) of the generalized model described earlier.5;13

To obtain more general results, it is possible to exploit the small-
ness of certain parameters and to seek asymptotic solutions for the
neutral stability boundaries. In particular, realistic limits to exploit
include the smallness of the gas-to-liquid density and viscosity ra-
tios ½ and ¹, and, in the microgravity regime, Fr¡1. Pursuing this
approach, tractable asymptotic results have so far been obtained
for A2 D 0 (Refs. 5 and 6) and for the inviscid problem when A2 is
nonzero(Ref. 7). The presentworkessentiallycompletesthe asymp-
totic analysis of the dispersion relation embodied in Eqs. (27–34)
by extending the last of these studies to the fully viscous case.

Parameter Scalings and Asymptotic Analysis
of the Dispersion Relation

Focusing on the realistic regime ½ ¿ 1 (typical values are on the
orderof 10¡3 or 10¡4 ), we formally introducea bookkeepingparam-
eter ² ¿ 1 and introduce the reasonable scalings ½ D ½¤², ¹ D ¹¤²,
Prl » O.1/, and either Fr¡1 D g or g¤², where Fr¡1 » O.²/ cor-
responds to the case of greatly reduced gravity. In this parameter
regime, the appropriate scaling for A p to describe the neutral stabil-
ity region is A p D A¤

p² (Refs. 5 and 6), whereas the appropriatescale
that describes the main effects of thermal coupling turns out to be
A2 D A¤

2²1=4 (Ref. 7). Based on this scaling, we note that the ratio
A2=Ap » O.²¡3=4/ À 1, as might be expected based on an overall
Arrhenius reaction-rate dependence on temperature.

Based on our earlier analyses, the scalingsintroducedinducea set
of correspondingregimes for the wave number k (and the complex
frequency i!) in the dispersion relation determined by Eqs. (27–

34). These � rst emerged in our analysis of cellular instability using

the generalizedmodel in the limit A2 D 0, but they are also relevant
when one considers the pulsatingformof instabilityand when A2 is
allowed to be nonzero.In particular,in the case of cellular instability
and zero temperaturesensitivity,there are threewave-numberscales
to be considered.First, there is an O(1) outer wave-number region,
where the stabilizingeffectsof surface tension,viscosity,andgravity
are all relatively weak. Second, there is a far outer scale k » k f =²,
where surface tension and/or viscosity are strongly stabilizing and
gravitationaleffectsare, to a � rst approximation,negligible.Finally,
we have an inner scale k » ki ² or ki ²

2 , where gravity is the dominant
stabilizingeffect (the � rst scale is valid for normal gravity, the latter
for the reduced gravity regime) and where viscosity and surface-
tension effects are absent at leading order. In each of these regimes,
the cellular stability boundary, obtained by seeking solutions of
the dispersion relation for which i! is identically zero, is given,
respectively,by
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where P ´ Prl . Matching these solutions to one another then leads
to the composite stability boundary
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as shownin Fig. 1. Clearly, the stableregion liesbelow A¤
p D ¡½¤=2.

(Negative values of A p over certain pressure ranges are characteris-
tic of a number of HAN-based liquid propellants.8;9) with the loca-
tionof theminimumin the cellularboundaryincreasingto lessnega-
tive valuesof Ap with increasingvaluesof the stabilizingparameters
° , Prl , ¹¤, and g (or g¤). In Fig. 1, the upper and lower sets of curves
correspondto the normal and reduced-gravityregimes, respectively,
where the curves are drawn for the case ² D 0:04, ½¤ D 1:0, and ei-
ther g D 6:0 or g¤ D 2:0. The solid curves correspondto the inviscid
limit (P D 0) with nonzero surface tension (° D 2:5). The dash–dot
curves correspond to nonzero surface tension (° D 2:5) and liquid
viscosity (P D 1:0), but zero gas-phase viscosity (¹¤ P D 0). The
dash–dot–dot curves differ from the dash–dot curves by the addi-
tion of gas-phaseviscosity (¹¤ P D 1:0) and are similar to the dash–

dot–dot–dot curves, where the latter correspondto larger viscosities
(P D ¹¤ P D 2:0). The dash–dot–dot–dot–dot curves correspond to
a viscouscase (P D ¹¤ P D 1:0), butwith zerosurfacetension.Com-
paring the two sets of curves corresponding to the normal and re-
duced gravity cases, it is clear that the critical wave number for
instability becomes small in the latter regime. That is, cellular hy-
drodynamic instability becomes a long-wave instability in the limit
of small gravitationalacceleration.Further discussionof this stabil-
ity boundary, and its relationship to the original Landau1/Levich2

predictions, is given in Ref. 5.
Considering the pulsating stability boundary (in the limit

A2 D 0/, which is obtained by seeking solutions of the dispersion
relation for which only the real part of i! vanishes, it is found6 that
the correspondingexpressions in the inner and outer wave-number
regions are given by

A¤
p » ¡½¤; A¤

p » ¡½¤.1 C 2Pk/
1
2 (38)

respectively.In this case, it is clear that the outer solution is, in fact,
the compositesolution,which lies belowthe cellularboundariesand
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Fig.1 Asymptoticrepresentation of the cellular hydrodynamicneutral
stability boundaries.

recedes to negative values of Ap that are larger in magnitude than
O.²/ as k becomes large (Fig. 2). Clearly, this stability boundary
is more sensitive to the stabilizing effects of the liquid viscosity
parameter P than is the cellular boundary, having a leading-order
stabilizingeffect for O.1/ wave-numberdisturbancesin this case. In
the limit P ! 0, the pulsatingboundarycollapsesto the straight line
A¤

p D ¡½¤, that is, A¤
p D ¡1 in Figs. 1 and 2, but even in that limit,

there is a region of stability corresponding to values of A¤
p greater

than ¡½¤ and less than the minimum in the cellular boundary,which
is greater than ¡½¤=2. However, if one now considers the effects of
a nonzero temperature sensitivity in the inviscid limit P D 0, then,
for A2 » O.²1=4/, the pulsating boundary possesses a turning point
such that the stability region disappearsfor suf� ciently small wave-
number perturbations.7 This is shown in Fig. 3, which indicates that
the pulsating boundary then frames the stable region except along
the upper branch that asymptotes to the previous cellular boundary
as k becomes large in the outer wave-number region. The evolution
from a stability diagram that indicates a stable region delineatedby
distinct pulsating and cellular hydrodynamic stability boundaries
to the pulsating-dominated one shown in Fig. 3 can be shown to
occur in the parameter regime A2 » O.²1=2/, which, based on the
estimate A2=Ap » O²¡1=2 & 30 (i.e., of the same order as a typi-
cal nondimensional activation energy), appears to be attainable for
many types of liquid propellants. We now extend the analysis that
produced the fully developedpulsating boundary shown in Fig. 3 to
the viscous case in which both P and ¹¤ are allowed to be nonzero.

Owing to the complexityof the fully viscousproblem,we analyze
Eqs. (27–34) directly by seeking appropriate expansions for the
complex frequency i! and the coef� cients bi . This differs from our
approach in the inviscid limit where it was feasible to � rst eliminate
the bi to obtain a single implicit equation for i! alone. We � rst
consider the O.1/ wave-number region and, based on our earlier
analyses, seek an expansion for the dispersion relation i!.k/ in this
region in the form

i! » ²¡ 1
2
¡
i!0 C ²

1
4 i!1 C ²

1
2 i!2 C ¢ ¢ ¢

¢
(39)

Fig. 2 Asymptotic representation of the pulsating hydrodynamic sta-
bility boundary for the viscous case (P >0). The cellular boundaries are
the same as shown in Fig. 1.

Introducing the already de� ned parameter scalings, the quantities
p, q, r , and s de� ned following Eq. (26) are expanded as

p » p
.¡ 1

4 /²
¡ 1

4 C p0 C p
.

1
4 /²

1
4 C ¢ ¢ ¢

q » q.¡ 1
4 /²

¡ 1
4 C q0 C ¢ ¢ ¢

r » r. 1
2 /²

1
2 C r 3

4
² C r1² C ¢ ¢ ¢ ; s » s. 1

2 /

¡
²

1
2
¢

C ¢ ¢ ¢ (40)

where

p.¡ 1
4 / D .i!0/

1
2 ; 2p0 D

£
1 C i!1

¯
.i!0/

1
2
¤

8p. 1
4 / D .i!0/

¡ 1
2
£
1 C 4k2 C 4i!2 ¡ .i!1/

2
¯

i!0

¤

q.¡ 1
4 / D .i!0=P/

1
2 ; 2Pq0 D

£
1 C i!1

¯
.i!0=P/

1
2

¤

r. 1
2 / D s. 1

2 / D ¡i!0½¤; r. 3
4 / D ¡i!1½¤

r1 D ¡i!2½
¤ ¡ .¹¤ Pk/2

Finally, the bi are conservativelypostulated to have the expansions

bi D b.¡1/

i ²¡1 C b
.¡ 3

4 /

i ²¡ 3
4 C b

.¡ 1
2 /

i ²¡ 1
2 C ¢ ¢ ¢ ; i D 1; 2; 8

bi D b
.¡ 1

2 /

i ²¡ 1
2 C b

.¡ 1
4 /

i ²¡ 1
4 C b.0/

i C ¢ ¢ ¢ ; i D 3; 4; 5; 6

bi D b
.¡ 1

4 /

i ²¡ 1
4 C b.0/

i ²0 C b
. 1

4 /

i ²
1
4 C ¢ ¢ ¢ ; i D 7; 9; 10 (41)

where the form of the latter expansions is again partly motivated by
our earlier analyses of more specialized cases.

Substituting the preceding expansions into Eqs. (27–34) and
equating coef� cients of like powers of ² , we obtain the leading-
order conditions
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Fig. 3 Composite pulsating/cellular hydrodynamic stability boundary for AH » O((²1==4 )) in the limit of zero viscosity.

ik1b
.¡ 1

2 /

3 C ik2b
.¡ 1

2 /

5 C q.¡ 1
4 /b

.¡ 1
4 /

7

D ik1b
.¡ 1

2 /

4 C ik2b
.¡ 1

2 /

6 C r
. 1

2 /
b.¡1/

8 D 0 (42)

b.¡1/

2 D ¡k¤=½¤; b.¡1/

1 D ¡.i!0/2
¯

k

b
.¡ 1

4 /

9 D b
.¡ 1

4 /

10 D 0 (43)

b.¡1/

1 C b.¡1/

2 ¡ 2b.¡1/

8 D 0; b.¡1/

8 D ¡.k=½¤/
¡
1 C A¤

p

¯
½¤

¢

(44)

where the last of these was obtained from the leading-order differ-
ence of the � rst and second of Eqs. (29) using the last of Eqs. (43).
From Eqs. (43) and (44) we thus conclude that the leading-order
dispersion relation is given by

.i!0/2 D .k=½¤/2
¡
2A¤

p C ½¤
¢

(45)

which is the same result as that obtained in the inviscid case
when A¤

2
D 0. In particular, Eq. (45) implies that .i!0/

2 0 for
A¤

p ¡½¤=2, which recovers the leading-order cellular boundary
(35) for O.1/ wavenumbers, but gives no de� nitive information re-
garding stability for A¤

p < ¡½¤=2 because i!0 is purely imaginary
in that region. That is, the stability of the basic solution in the latter
region is determined by the real parts of higher-ordercoef� cients in
the expansion(39) for i!, althoughImfi!0g 6D 0 implies that distur-
banceshave a pulsatingcharacterfor valuesof A¤

p belowthe cellular
stability boundary.

At the next order in the analysis of Eqs. (27–34), we obtain a
second set of conditions given by

ik1b
.¡ 1

4 /

3 C ik2b
.¡ 1

4 /

5 C q
.¡ 1

4 /
b.0/

7 C q0b
.¡ 1

4 /

7 D 0 (46)

ik1b
.¡ 1

4 /

4 C ik2b
.¡ 1

4 /

6 C r. 1
2 /b

.¡ 3
4 /

8 C r. 3
4 /b

.¡1/

8 D 0 (47)

i!1 D b
.¡ 3

4 /

1 D b
.¡ 3

4 /

2 D b
.¡ 1

2 /

3 D b
.¡ 1

2 /

5 D b
.¡ 1

4 /

7

D b.0/

9 D b.0/

10 D b
.¡ 3

4 /

8 D 0 (48)

where the last of Eqs. (48) was deduced from the next-order dif-
ference of Eqs. (29). Finally, from the sum of the � rst of Eqs. (28)
multiplied by ik1 and the second of Eqs. (28) multiplied by ik2 , we
concludethatb.¡1=2/

2 D i!0.1 ¡ A¤
p=½¤/. However, the resulti!1 D 0

implies the need to continue the analysis at the next order to deter-
mine i!2 . Proceeding in this fashion, we obtain from the earlier
results and Eqs. (29–34) at this next higher order a new set of con-
ditions given by

b.0/

7 ¡ .k= i!0/b
.¡ 1

2 /

1 ¡ 2i!2 D k
¡
1 ¡ A¤

p

¯
½¤

¢
; b.0/

7 D 0

(49)

b
.¡ 1

2 /

1 ¡ 2b
.¡ 1

2 /

8 D i!0

¡
2k P ¡ 1 C A¤

p

¯
½¤

¢
(50)

b
.¡ 1

2 /

8 ¡
¡

A¤
2

¯
½¤

¢
b

. 1
4 /

10 D i!0

£
1 ¡

¡
A¤

p

¯
½¤

¢2¤
(51)

¡.k= i!0/b
.¡ 1

2 /

1 ¡ .i!0/
1
2 b

. 1
4 /

10 ¡ 2i!2 D 2Pk2; b
. 1

4 /

9 D b
. 1

4 /

10

(52)

where Eq. (51) was actually obtained from the next higher-order
difference of Eqs. (29) and the second of Eqs. (49) was obtained
from the sum of Eq. (31) multiplied by ik1 and Eq. (32) multiplied
by ik2. Equations (49–52) constitute a closed system for b.¡1=2/

1 ,
b.¡1=2/

8 , b.1=4/

10 , and i!2. Eliminating the � rst three of these in favor
of the last and using the result (45) for i!0, we � nally obtain the
dispersion relation for i!2 as

i!2 D ¡2Pk2 C k
¡
A¤

p

¯
½¤ ¡ 1

¢

£
h

A¤
p

¯
½¤ C 1 C ½¤¡ 1

4 k¡ 1
2 A¤

2

¡
2A¤

p

¯
½¤ C 1

¢¡ 3
4

i
(53)

Stability in the region A¤
p < ¡½¤=2 below the cellular boundary

is determined by the real part of i!2 . In that region, the principal
value of the complex factor in Eq. (53) may be written
as .A¤

p=½¤ C 1/¡3=4 D [¡.A¤
p=½¤ C 1/]¡3=4e¡3i¼=4 , and thus the neu-

tral stability condition Refi!2g D 0 leads to an implicit equa-
tion for the (pulsating) neutral stability boundary A¤

p.kI A¤
2; P/.

In terms of the new pressure sensitivity parameter Ob de� ned by
A¤

p D ¡.½¤=2/.1 C Ob/, where Ob represents the negativedeviation, in
units of ½¤=2, from the cellular boundary A¤

p D ¡½¤=2, this bound-
ary is given by

Ob
3
2 .3 C Ob/¡2[.3 C Ob/.1 ¡ Ob/ C 8Pk]2 D ®

1
2
¯

k; ® D 4A¤4
2

¯
½¤

(54)

In the limit k ! 1, it is clear that there are two solutionsof Eq. (54)
given by Ob D 0, that is, A¤

p D ¡½¤=2, and Ob » ¡1 C 2.1 C 2Pk/1=2,
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that is, A¤
p=½¤ » ¡.1 C 2Pk/1=2 . Thus, the pulsating boundary is

clearly multivalued,as in the inviscid case (Fig. 3), with one branch
approachingthe cellularboundaryand the other branchapproaching
the pulsating boundary for A2 D 0 (Fig. 2) in the limit of large k.
More generally, Eq. (54) may be rewritten as a cubic equation for
the inverse relation k.Ob/ as

64P2k3 C 16.3 C Ob/.1 ¡ Ob/Pk2 C .3 C Ob/2.1 ¡ Ob/2k

¡ ®
1
2 .3 C Ob/2 Ob¡ 3

2 D 0 (55)

which is clearly seen to collapse to the previous inviscid result7 in
the limit P ! 0. For arbitrary P , typical plots of k.Ob/ are shown
in Figs. 4a–4d, which, when rotated ¡90 deg so that the k axis
is horizontal, is readily interpreted in the context of Figs. 1–3,
where the lines A¤

p D ¡½¤=2 and A¤
p D ¡½¤ correspond to Ob D 0

and Ob D 1, respectively.It is clear that these curves asymptote to the
lines Ob D 0 and Ob D ¡1 C 2.1 C 2Pk/1=2 as k ! 1, where the latter
corresponds to the viscous pulsating boundary in the limit A¤

2
! 0.

They cross the line Ob D 1, which corresponds to the inviscid pul-
sating boundary in that limit, at k3 D ®1=2=4P2 . That the pulsating
boundary becomes C shaped (in the rotated frame of reference) for
A¤

2 > 0 implies that steady, planar burning is intrinsically unstable
for suf� ciently small wave numbers. In addition, because the por-
tion within the C-shaped curve is the stable region, any crossing

a)

b)

c)

d)

Fig. 4 Pulsating hydrodynamicstability boundaries for k » O(1) and AH » O(²1==4 ) in the general viscous case for ½ ¤ = 1 and a) P = .001, b) P = 0.01,
c) P = 0.1, and d) P = 1.0.

of the C-shaped boundary from the stable to the unstable region
corresponds to the onset of a pulsating instability.As A¤

2 increases,
the turningpoint of the C-shaped pulsatingboundaryshifts to larger
values of k. On the other hand, as A¤

2 becomes small, the turning
point shifts to small values of k such that this point eventuallyleaves
the O.1/ wave-number region for which Eq. (54) is valid. Indeed,
it turns out that the transition to separated pulsating and cellular
branches occurs as A2 decreases through O.²1=2 ) values for inter-
mediate O.²1=2 ) wave numbers.7 Thus, as A¤

2 becomes small, the
original pulsatingand cellular boundariesare recovered in the O(1)
wave number regime, but as A¤

2 becomes large, the original cellular
boundary lies within the unstable region for O.1/ wave numbers,
and the basic solution becomes intrinsically unstable to oscillatory
disturbances.

Composite Neutral Stability Boundary
A composite asymptotic solution for the neutral stability bound-

ary in the regime A2 » O.²1=4/ is thus obtainedby matching the cel-
lular and pulsating boundariesin the far outer wave number regime,
where the former is given by Eq. (36) and the latter by the second
of Eqs. (38), with the appropriate solution branch of Eq. (54) in the
O.1/ wave-number region. In particular, reverting back to the pa-
rameter A¤

p , we denote the two solutionbranchesof Eq. (54), which
correspondto the portionsof Fig. 4 that lie to the left and to the right
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Fig. 5 Composite pulsating/cellular hydrodynamic stability boundary for AH » O(²1==4) in the general viscous case.

of the turning-point minimum, by A¤
p

.o;u/.k/ and A¤
p

.o;l/.k/, where
the superscripto denotes,as before,theouter,orO.1/, wave-number
region and the superscriptsu and l refer to the upper and lower (ro-
tate Fig. 4 by ¡90 deg) portions of the double-valued pulsating
boundary A¤

p.k/. Along the upper branch, A¤
p

.o;u/ ! ¡½¤=2, that
is, Ob ! 0, as k ! 1, which can be matched with Eq. (36) because
A¤

p
. f / ! ¡½¤=2 as k f ! 0. Similarly, A¤

p
.o;l/ ! ¡½¤.1 C 2Pk/1=2

[i.e., Ob ! ¡1 C 2.1 C 2Pk/1=2] as k ! 1, which clearly matches
the viscous pulsating boundary given by the second of Eqs. (38)
in the far outer wave-number region. As a result, a leading-order
composite stability boundary spanning both the outer and far outer
wave-number regions is given by

A¤
p.k/ »

8
<

:
A¤

p
.o;u/.k/ ¡ ½¤

2
C 2½¤¹¤ P[1 C ²k.½¤° C 2¹¤ P C 2½¤ P/]

4¹¤ P.1 C ½¤ P²k/ ¡
¡
1 ¡ [1 C 4¹¤2 P2²2k2]

1
2

¢
.½¤° C 2¹¤ P/

A¤
p

.o;l/.k/

(56)

for A¤
p ? A¤

p
c ,where A¤

p
c is theturningpointcalculatedfromEq. (54)

and thesecondtermin the topexpressionhasbeenexpressedin terms
of the outer wave-number variable k.

The composite stabilityboundary is shown in Fig. 5. Based on the
preceding construction, the lower branch of Eq. (56) is a pulsating
boundaryfor allwavenumbers,whereastheupperbranchtransitions
from a pulsating boundary for O.1/ wave numbers to a cellular
boundaryfor O.²¡1) wave numbers. Indeed, from Eq. (45), the size
of the upper regionof oscillatoryinstability,which is boundedbelow
by the upper branch of the pulsating stability boundary and above
by the region of nonoscillatory instability beyond the outer cellular
boundary A¤

p » ¡½¤=2 for A¤
2 D 0, shrinks to zero as k becomes

large on the O.1/ wave-number scale. In this regime, the lack of a
stable region for suf� ciently small wave numbers thus implies an
intrinsic instability to long-wave pulsating perturbations.

Conclusions
The present work further extends our recent formal treatment

of hydrodynamic instability in liquid-propellant combustion. The
analysis is based on a generalized Landau/Levich model in which
the dynamic motion of the liquid/gas interface,assumed to coincide

with thecombustionfront, realisticallypossessesbotha pressureand
temperature sensitivity. In the present work, the fully viscous case
was considered, thereby generalizing previous analyses in which
either the viscosity of the � uid and/or the temperature sensitivity
of the reaction rate was neglected. As in these preceding studies,
the smallness of the gas-to-liquid density ratio was used to de� ne
a small parameter that allowed an asymptotic treatment of a rather
complex dispersion relation. Speci� cally, it was again shown that
in addition to the classical Landau, or cellular, stability boundary,
thereexists a pulsatinghydrodynamicstabilityboundaryaswell. For
suf� ciently small values of the temperature-sensitivityparameter,
there is a stable region between these two boundariescorresponding

to a range of negative pressure sensitivitiesfor which steady, planar
burning is stable.

As the pressure sensitivity decreases in magnitude, the cellular
stability threshold is crossed, leading to classical Landau instabil-
ity. Surface tension, viscosity (both liquid and gas), and gravity
are all stabilizing effects with respect to this type of instability.
However, only gravity stabilizes small wave-number disturbances,
and thus Landau instability becomes a long-wave instability in the
reduced-gravity limit. Alternatively, as the pressure-sensitivitypa-
rameter increases in magnitude, the pulsating boundary is crossed,
and liquid-propellant combustion becomes unstable to oscillatory
perturbations.This type of hydrodynamic instability is more sensi-
tive to the stabilizingeffects of (liquid) viscosity than is the cellular
boundary, but the stabilizing in� uence of viscosity does not ex-
tend to small wave-number disturbances, and gravity turns out not
to have a signi� cant effect on this type of hydrodynamic instabil-
ity. Consequently, for suf� ciently large values of the temperature-
sensitivity parameter, the pulsating boundary develops a turning
point and becomes C shaped. In this parameter regime, correspond-
ing to ratios of the temperature-to-pressure sensitivitiesof the order
of 200–1000, steady, planar combustion is intrinsically unstable to
nonsteady long-wave perturbations.In that case, the pulsating form
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of hydrodynamic instability is predicted to dominate, leading to
large unsteady cells along the burning liquid/gas interface.
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